We evaluate the longitudinal coupling impedance of a smooth toroidal vacuum chamber in the domain of frequencies below the first synchronous resonant mode.
I. INTRODUCTION --
A beam circulating in a toroidal vacuum chamber can excite high frequency resonant modes of the entire chamber that have phase velocity equal to the particle velocity. For a chamber with a rectangular cross section of width 20 and height h, these synchronous modes (as excited by a centered beam) are at frequencies greater than w = nwO, where n = rR3f2/hw1/2 and w,, = PC/R is the revolution frequency.
For instance, with h = w = 3 cm and ,0 = 1, we have f = w/2n > 100 GHz for R > 12 m, where R is the trajectory radius. Although the frequencies are typically quite high, the impedances are so large as to provoke concern about their implications for beam stability. The impedance near the resonances, including the effects of wall resistance, was treated by Ngl and Warnock and Morton2 in recent papers. These papers include references to much-earlier work.
.* It is to be emphasized that the frequencies of the synchronous resonant modes are not determined by the cross-sectional dimensions of the tube alone, and therefore are unrelated to the usual tube cutoff frequencies. Due to the requirement of synchronism, these frequencies depend on the trajectory radius R. Synchronism is an effect of curvature, which comes about because the phase velocity of a wave may be greater than c at the outer torus wall and less than c at the inner wall. At -a single intermediate radius R, the phase velocity can equal the particle velocity.
The impedance at low frequency, well below the tube cut-off, was derived in The ordinary large-argument expansions of Bessel functions a.re valid only in the small Region 1 which lies well below the lowest tube cutoff frequency. Recall that for a rectangular tube of width w and height h, the lowest TE cutoff is at (1.3) In Region 2, the Debye expansions for In( nz) or J,(ny) at large order n can be used. Region 3 is the resonance region, which has already been treated using the --large-order uniform expansions of Olver. 2 The Olver expansions could also be used in Region 2, but they are more complicated and necessary only in Region 3.
It turns out that the Debye expa.nsions can also be used in R.egion 1. Even though the order n tends to zero, the argument nz of IrL(nz) stays large compared . to one. In this limit, the large-argument and Debye expansions reduce to the same thing. Moreover, throughout Region 1, the Debye expansion produces a better approximation with a given number of terms. Consequently, we find it best to use only the Debye expansions, thereby finding a formula for the impedance that holds in the entire subresonant domain (Region 1 plus Region 2).
The formula is fitted very-accurately by the quadratic form given in the Abstract. The constants A and B have simple expressions only when the-width w of .* the chamber is somewhat greater than the height h, and in that case A z B M 1.
Whatever the aspect ratio w/h, the ratio A/B is roughly equa,l to one, so the impedance has a zero near v = r/a. A zero is expected since ImZ must be negative just below the lowest resonance.
Our calculation is based on a formula from Ref. 2 which expresses the impedance in terms of Bessel functions. The formula-which is implicit in early work of _ Nei15-is convenient for studying the nonresonant region, since it avoids any reference to the radial eigenmodes of the structure. Alternative expressions in terms of radial eigenmodes'15 are awkward to evaluate in the nonresonant case, since they entail infinite sums involving all zeros of Bessel function cross products.
The general formula to be evaluated and some preparatory steps are given in Sec. 2. In Sec. 3 the Debye expansions are applied to find second order expressions for the particular combinations of Bessel functions that occur in our formula. In Appendix A the accuracy of the second order Debye expansions is assessed; good accuracy is found in Regions 1 and 2. In Sec. 4, an analytic reduction of the general impedance formula to a tractable form is made. Section 5 gives numerical results.
The analytic formula of Sec. 4 is validated by a precise calculation using Debye expansions carried to fourth order. Appendices B and C contain analytic estimates '. of certain functions that arise in the analysis. Although these functions are easily evaluated numerically, the analytic estimates clarify the structure of our formula.
II. THE FORMULA TO BE EVALUATED
The vacuum chamber is a torus of rectangular cross section with dimensions as defined in Fig. 1 . We neglect resistivity of the walls, since it seems likely that the resistive wall effect has the-same order of magnitude as in the case of a straight beam tube. Near resonances, the wall resistance-is a more important issue; it wastreated in the study of resonances in Refs. 1 and 2.
We use cylindrical coordinates as shown in Fig. 1 . The impedance is calculated for a beam with charge density and current modeled as follows:
3)
The beam profile in the z direction H(z) is symmetrical about z = 0 and we assume that it is zero outside an interval (-Sh, 6h). W e employ the Fourier transform of 
where, with ~1 > r2, R:;)(n, We shall have to evaluate corrections, but the approximation Eq. (2.16) is good enough to indicate the essential structure of our formula, typically being accurate to a few percent. If the width w = b -a of the chamber is greater than or equal to --the height h, then each of the exponentials occurring in Eq. (2.16) is no bigger than exp{-ap} < exp{-7r} = 0.043. Hence, the ratios Ritj") are generally negligible (EN) compared to one for p > 3, but not quite negligible for p = 1. The terms gnp of Eqs. (2.13) and (2.14) are small compared to one and are given by the formula -
. .w
To obtain a convenient formula for further evaluation, we substitute Eq. (2.14) in Eq. (2.5) and rearrange by adding and subtracting a term. The result is z(n, nwo)
A few remarks may be helpful as a guide to our analysis of Eq. (2.19). The main object of attention will be the first term within the curly bracket. The first factor of that term, 1 -a!$), can be thought of as being equal to one as far as qualitative behavior is concerned. The two terms of the second factor, proportional to ILK:, and I,Kn, nearly cancel at large y so as to produce the space charge term with --factor l/y2. The main part of the space charge term comes from the. zeroth order terms in the asymptotic expansions of IkKL and I,K,.
Terms of next higher order produce a curvature effect which survives at infinite y. This curvature term is the principal object of interest. The second term within the curly brackets in Eq. (2.19) is also a curvature term (plus a small correction to the space charge term), opposite in sign to the main curvature term, but in most cases smaller in magnitude. It rapidly dwindles in importance as the aspect ratio w/h of the chamber increases (w = width, h = height). Th us, there is no close cancellation between the curvature effects of the two terms in Eq. (2.19), a circumstance which simplifies the assessment of higher order terms.
III. DEBYE EXPANSIONS
We are concerned with Bessel functions of order n and argument Ipr with r = a, R, b. In terms of v = wh/c, we have
For small V, rpr is large compared to one, leading to asymptotic expansions for large argument. One must remember, however, that the success of such expansions depends on the order, as well as the argument, and that the order n increases with u. The argument must be large compared to n 2. Hence, the use of large-argument expansions is restricted to the small Region 1, as defined in Eq. (1.2). This is explained in Appendix A.
At the lower end of Region 2 we have n > (R/h)'j2, which is large compared --to one. We are thus led to consider the Debye expansions, which are useful at large n. Let us divide Region 2 into two parts:
. Region 2a : enE .
- These expansions are valid at large n, but their accuracy is not uniform in y near y = 1, owing to the singularity of t at y = 1. For a uniform approximation near y = 1, the 01 ver expansions can be used (A.-S. 9.3.35, 9.3.36, 9.3.43, 9.3.44).
--
The expansions (3.13)-(3.16) are valid in Region 2b, with ny = ypr, 7; = -I';.
At the upper end of Region 2b, the expansions begin to fail owing to the singularity of t at y = 1. The upper bound of Region 2b is determined in App. A.
Our formulas make a smooth transition from Region 2a to Region 2b, owing to analytic continuation. In the continuation from real z = rpr/n to imagina.ry z = iy = iypr/n, we pick up In(i) = i7r/2 in Eq. To second order, Eq. (3.23) involves only the coefficient cl:
(3.24)
The coefficient c2 appears first in third order. The formula for a!$) is the same, but with dl replacing cl. 
Since the terms involving u4 cancel at p = 1, it is useful to extract terms having a factor l/y2. Accordingly, we note that p2 = 1 -l/y2, 1 /p2 = 1 + l/@~)~ and rearrange Eq. so that 9, is negligible compared to Q for p 2 3 and also negligible even for p = 1, if the aspect ratio w/h is fairly big, say w/h > 2. It happens that the same is true --at all frequencies, the ratio QO/Q always being negative. the same is true of the exponential terms in the first sum. Moreover, ,!+ is close to one for a relativistic beam, certainly if y2 >> R/(r2 h). The factor A, defined in (2.7) is equal to one for an infinitely thin beam (Sh + 0). The space charge term involving SP/r2 diverges in the limit Sh + 0, but the curvature term will be finite in the limit and not differ much from its value for realistic 6h. Thus, for a --relativistic beam for which the space charge term is negligible and the beam is not too close to the chamber wall, we have the following good approximation: where the constants A, B are nearly equal to one. At fairly large aspect ratio of the chamber, say w/h 2 2, the term p is negligible and we get a simple quadra.tic --dependence on frequency.
The numerical evaluation of the following section shows that Z/n retains a nearly quadratic dependence on frequency, even when p is not negligible. (Ml a close cancellation in the difference gnp -aif), but in our double precision calculation the difference still has eight significant digits. The small discrepancy between the accurate and approximate curves of Fig. 2 is due mainly to the slightly rough treatment of exponential terms-in the latter;
for instance, the use of approximation Eq. (2.18) for Eq. (2.17).
To check our results at the highest frequency, we use the computer code of 
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APPENDIX
A.
COMPARISON AND TESTS OF ASYMPTOTIC EXPANSIONS
Here we show that the Debye expansions carried to second order yield good approximations to the relevant Bessel functions throughout Regions 1 and 2. First, -we consider the large-argument expansion, Here we have regarded 1/27r as adequately small compared to one, which will be justified presently by numerical tests. Table 1 W)
The constant I is close to one unless the aspect ratio w/h. is unusually large. Since -. - 
VW
But notice that @ in Eq. (4.13) also has a term with factor (u/~p)~, 'so that the .* ratio \zIO/Q retains roughly the same bound over our entire frequency range. At the highest frequency, the parameter h/R -rather than ( h/R)2 -sets the overall scale of the impedance.
Having shown that there is no close cancellation between Q,, and @ (the former being much smaller than the latter in most cases), we can now show that 8, is a good approximation to !P, as defined in Eq. pqR,b)I < 2(p;p)2 &y2 I-"2 .
The final factor Ie1i2 is close to one unless the aspect ratio w/h is unusually large. Thus at our highest frequency, the error E in (C.9) is less than the main term by at least a factor 
